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In a recent comment [1] to the paper Chaotic Integrable transition in the SYK model [2], it was claimed that,
in a certain region of parameters, the Lyapunov exponent of the N Majoranas Sachdev-Ye-Kitaev model with
a quadratic perturbation studied in [2] is always positive. This implies that the model is quantum chaotic. In
this reply, we show that the perturbative formalism of Ref. [1] breaks down precisely in the range of parameters
investigated in Ref. [1] due to a lack of separation of time scales. Moreover, based on recent analytical results,
we show that for any large and fixed N, the model has indeed a chaotic-integrable transition that invalidate the
results of the comment.
The Lyapunov exponent λL is obtained by carrying out a
semiclassical 1/N expansion of certain out of time correlation
functions. To leading order, these correlation functions grow
exponentially in time ∼ eλLt/N2. Physically, this exponential
growth defines a minimum time scale, called the Ehrenfest or
scrambling time tE ∼ log N/λL, for quantum effects to be-
come important in a initially quasi-classical wavepacket. This
exponential growth is restricted to quantum chaotic systems
while for integrable systems the growth is typically power-law
with a non-universal exponent. Therefore, only for quantum
chaotic systems, the Lyapunov exponent is finite. For the de-
formed SYK model of interest [2], where the typical random
quartic interaction of strength J is perturbed by a quadratic
perturbation of strength κ, the Lyapunov exponent λL is a
function of T, λ, κ where T is the temperature of the system.
The main claim of [1], is that for N large and fixed, and κ
sufficiently large, so that T/κ  1 and J/κ  1,
λL
κ
=
3T 2J2
κ4
. (1)
so λL > 0, no transition occurs and the model is always quan-
tum chaotic. This is in tension with the results of Ref.[2]
where we show that, in this range of parameters, a chaotic-
integrable transition takes place for sufficiently large κ. In
the following, we show that the semiclassical formalism em-
ployed to obtain Eq. (1) breaks down in the range of param-
eters above. Moreover, we provide evidence that in any case,
in that range of parameters, the system is no longer quantum
chaotic. We note the perturbation theory leading to Eq. (1) in
[1] is only valid for tE ≤ t  tH where tH ∼ 1∆ is the Heisen-
berg time and ∆ is the mean level spacing. Physically, this is
the time scale for non-perturbative quantum effects, related to
the discreteness of the spectrum, to become dominant. The
analytical treatment of Ref. [1] is semiclassical and therefore
it breaks down when tE becomes smaller but of the order of
tH. In our model, we can estimate tH ∼ 2−N/2. Therefore, the
semiclassical formalism leading to Eq. (1) is not applicable
for:
tE ≥ tH ⇔ λL(κ,T ) ≤ 2N/2 log N (2)
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FIG. 1. Ensemble average of the adjacent gap ratio 〈ri〉 for the lowest
eigenvalues, labeled by the index i with respect to the ground state,
that correspond with the limit of low temperatures. Agreement with
Poisson statistics is excellent for sufficiently large, but finite, κ which
confirms that the system is no longer quantum chaotic.
Using Eq. (1), it is straightforward to estimate the maximum
κ = κ? for which the formalism of [1] applies:
κ?
(T
κ
,N
)
∼
(T
κ
)−2
2N/2 log N (3)
This is in contradiction with the claim of Ref.[1] that, for any
fixed value of N  1, T , J, Eq. (1) applies for a sufficiently
large κ. This is only true for κ < κ? which in principle invali-
dates the main claim of Ref. [1]. We say in principle, because
a natural criticism to this argument is that, even though the
semiclassical formalism does not apply for sufficiently large
κ, it may be the system is still quantum chaotic and therefore
no transition to integrability occurs. We show below that this
is not the case and that the system undergoes a transition from
quantum chaos to localization not only in this range of param-
eters but, for sufficiently large κ, at any temperature.
The fact that the system is not quantum chaotic in the large
κ limit is rather evident from the level statistics analysis we
performed in Ref. [2]. Spectral correlators such as the level
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FIG. 2. Distribution function P(r) of the adjacent gap ratio for κ = 50
(see definition of r around Eq. 35 of Ref. [3]), for different temper-
atures (T is defined in Ref. [2]). Agreement with Poisson statistics
contradicts the claim of Ref [1] that the system is quantum chaotic in
this region
FIG. 3. Lyapunov exponent as a function of temperature for various
κ, circles are the results of Ref. [2] and the squares are the recalcu-
lated results. Only few points show a substantial difference with the
results of Ref. [2]. However, the critical temperature is substantially
reduced.
spacing distribution or the average adjacent gap ratio 〈r〉 are
very close to the prediction for Poisson statistics typical of an
insulator/integrable system. Indeed, correlations of eigenval-
ues closer to the edge of the spectrum, corresponding to the
limit of low temperatures, tend to exhibit Poisson statistics,
typical of localized states, at even relatively small κ, see the
adjacent gap ratio in Fig. 11 of the supplemental information
of Ref. [2] that for convenience we reprint in Fig. 1, or the
lower panels of Fig. 1 and Fig. 2. in the main paper. As a fur-
ther confirmation of this point, in Fig. 2, we depict results of
the distribution function of the adjacent spacing ratio P(r) for
κ = 50 and different temperatures. In contradiction with the
claims of Ref. [1] about the persistence of quantum chaos for
κ/T  1, we find that, in this region, P(r) is already very close
to Poisson statistics typical of an integrable or many-body lo-
calized phase. For larger values of κ, the agreement to Pois-
son statistics (not shown) is even better. Further evidence that
the system is not quantum chaotic at finite N, for sufficiently
large κ, has recently been reported in Ref. [3], coauthored
by one of us (M.T.). By an exact matrix integral represen-
tation, spectral and eigenfunction correlation functions of the
SYK model with a quadratic perturbation were mapped onto
a supersymmetric sigma model which was solved by standard
field theory techniques. The system has a rather rich phase
diagram with chaotic, localized/integrable, and intermediate
chaotic but non-ergodic phases. For the purpose of this reply,
the main result of Ref. [3] is that for κ > κc ∼ N2 log N, the
system is no longer quantum chaotic as all states are many-
body localized, and spectral correlations are well described by
Poisson statistics. In the language used in Ref. [1], this means
the the Lyapunov exponent is zero for any temperature. We
expect a much weaker N dependence, if any, of κc in the tail
of the spectrum but this result refutes already the main claim
of Ref. [1] that λL is finite. This analytical result for κc was
supported by numerical simulations for N = 22−30 Majorana
fermions, involving both level and eigenfunction statistics. In
all cases, good agreement between analytical and numerical
results was found.
We also mention that while we were checking the calculation
of λL in [2], we noticed that for a few κ’s in the low tem-
perature limit, our code did not pick up the largest λL but
other sub-leading solutions of the eigenvalue problem that are
not relevant for sufficiently long times. In Fig. 3, we com-
pare Fig. 3 of [2] with the recalculated λL. As is observed,
the corrections are only appreciable for a few points. A fit-
ting of λL(T ) still suggests the possible existence of a crit-
ical temperature Tc(κ) below which λL = 0. However, the
values of Tc resulting from the fitting of the curve are rel-
atively low. For instance, Tc(2) = 0.003 (−0.01, 0.02) and
Tc(0.2) = 0.0003 (0.00005, 0.0005). The value of the 95%
confidence interval, in parenthesis, is not conclusive about the
vanishing of Tc at finite temperature. In any case, the conclu-
sions of this reply are not modified because, as argued earlier,
the theoretical formalism employed in Ref. [1] breaks down
for a sufficiently large κ/T  1 and, more importantly, in
stark contrast with the claim of Ref. [1], level statistics re-
sults together with the analytical findings of Ref. [3], confirm
that the model is not quantum chaotic but many-body local-
ized/integrable for sufficiently large κ.
∗ amgg@sjtu.edu.cn
† brloureiro@gmail.com
‡ aurelio.romero.bermudez@gmail.com
§ tezuka@scphys.kyoto-u.ac.jp
[1] J. Kim and X. Cao, Comment on chaotic-integrable transition in
the Sachdev-Ye-Kitaev model (2020), arXiv:2004.05313 [cond-
mat.stat-mech].
[2] A. M. Garcı´a-Garcı´a, B. Loureiro, A. Romero-Bermu´dez, and
M. Tezuka, Chaotic-integrable transition in the Sachdev-Ye-
Kitaev model, Phys. Rev. Lett. 120, 241603 (2018).
[3] F. Monteiro, T. Micklitz, M. Tezuka, and A. Altland, Fock
space localization in the Sachdev-Ye-Kitaev model (2020),
arXiv:2005.12809 [cond-mat.str-el].
